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Abstract 

We consider electromagnetic and gravitational interactions of a massive Rarita- 
Schwinger field. Stiickelberg analysis of the system, when coupled to electromag- 
netism in flat space or to gravity, reveals in either case that the effective field theory 
has a model-independent upper bound on its UV cutoff, which is finite but para- 
metrically larger than the particle's mass. It is the helicity-1/2 mode that becomes 
strongly coupled at the cutoff scale. If the interactions are inconsistent, the same 
mode becomes a telltale evidence of pathologies. Alternatively, consistent inter- 
actions are those that propagate this mode within the light cone. Studying its 
dynamics not only sheds light on the Velo-Zwanziger acausality, but also elucidates 
why supergravity and other known consistent models are pathology-free. 



1 Introduction 



The Rarita-Schwinger field carries a spin-3/2 representation of the Poincare group, whose 
non- interacting massive theory is described by the following Lagrangian [T]: 

£ fr ee = -^^T^Ap ~ im^J^, (1) 

m being the mass0. The Dirac equation: (jd — m)ip^ = 0, along with the correct con- 
straints: d^ipfj, = j^ipfj, = 0, can easily be reproduced from the Lagrangian equations of 
motion. The degrees of freedom count works as follows. The vector-spinor contains 
4x4 = 16 components. The transversality and 7-tracelessness constraints each removes 4 
of them, while the Dirac equation removes 4 more, leaving us only with 4, which is indeed 
the number of physical polarizations of a massive spin-3/2 particle. 

When interactions are turned on, as noticed by various authors [2, El H], the theory is 
generically fraught with inconsistencies even at the classical level^, despite the fact that 
one starts from a Lagrangian as per suggestions made in [6] . The interacting theory may 
fail to reproduce the necessary constraints that forbid propagating unphysical modes or 
may give rise to the Velo-Zwanziger acausality [2], i.e. allow faster-than-light speed for 
the physical modes. Addition of non-minimal terms and/or of new dynamical fields may 
come as a rescue. For example, the Lagrangian proposed in [7] incorporates appropriate 
non- minimal terms that propagate causally only the physical modes of a massive spin-3/2 
in a constant external electromagnetic (EM) background. A more well-known example is 
J\f = 2 (broken) supergravity [HI E], which contains a massive gravitino that propagates 
consistently, even when the cosmological constant is set to zero, given that it has a charge, 
e = -^(m/Mp), under the graviphoton [10]. Here causality is preserved by the presence 
of both EM and gravity, along with non-minimal terms. 

The pathologies arising in an interacting theory are due to a simple fact: the kinetic 
part of the free theory (JT]) enjoys a gauge invariance, and the zero modes may acquire 
non-vanishing but non-canonical kinetic terms in the presence of interactions. The best 
way of understanding these issues is the Stiickelberg formalism, which was employed in 
the context of massive spin 2, for example, in [IT| 112]. To understand this formalism, let 
us notice that in the massive theory ([T|) gauge invariance can be restored by introducing 
a spin-1/2 (Stiickelberg) field x through the field redefinition: 

^ = - — d nX- (2) 

1 Our conventions are that the metric is mostly positive, the Clifford algebra is {7^,7^} = +2g^, 
jVl = jy^M^M^ j 5 — — i7°7 1 7 2 7 3 , 'y**!- •••/*» = X j^ 1 ^ 2 .. .ry^n _|_ antisymmetrization. The Dirac adjoint is 
defined as -0^ = W,7°. The totally antisymmetric tensor e^ upa is normalized as £0123 = +1. 

2 Pathologies at the quantum level were noticed much earlier in [5], where it was shown that canonical 
commutators may become ill-defined in an interacting theory. 
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Now the Lagrangian is manifestly invariant under the Stiickelberg symmetry: 

fyp = d^X, 8x = m\, (3) 

where A is a fermionic gauge parameter. Note that when the field redefinition (J2]) is 
implemented, potentially bad higher-derivative terms in x are killed by the antisymmetry 
of 7^. This is a slick way of understanding the structure of the mass term in (CQ). 

The Stiickelberg field is mere redundancy since one can always choose a gauge in 
which x — 0, as in Lagrangian ([I]). The unitary gauge, however, obscures the subtleties 
associated with an interacting theory, and is therefore not particularly illuminating when 
interactions are present. On the other hand, as we will see, the intricacies become rather 
transparent in a different, judiciously chosen, gauge that instead renders the kinetic op- 
erators diagonal. For an interacting theory, the latter gauge choice enables one to assign 
canonical dimensions to potential non-renormalizable operators. 

The organization of this paper is as follows. In the Section 2 we consider minimal 
EM and gravitational couplings of a massive Rarita-Schwinger field, and show that each 
theory possesses an intrinsic finite UV cutoff, which can be improved neither by field 
redefinitions nor by addition of non-minimal terms. In Section 3 we perform Stiickelberg 
analysis of various (in) consistent Lagrangians that attempt to describe interactions of a 
massive spin-3/2 field. In particular, Section 3.1 considers minimal EM coupling and 
reproduces the Velo-Zwanziger result [2], while Section 3.2 sheds a new light on why 
the non-minimal Lagrangian presented in [7] is consistent. Section 3.3 reconfirms that 
minimal gravitational coupling is pathology-free in arbitrary Einstein spaces [13], and 
finally Section 3.4 analyzes the consistency of Af = 2 (broken) supergravity [Hl[9j[T0]. We 
conclude with some remarks in Section 4. 

2 Ultraviolet Cutoff 

Local Lagrangians describing interactions of a massive spin-3/2 field do not have smooth 
massless limit. Because the free part of the Lagrangian acquires a gauge invariance in this 
limit, propagators of the massive theory become singular, so that scattering amplitudes 
diverge. Notice, however, that if we introduce minimal coupling (to EM or gravity) in 
the Rarita-Schwinger action (JTJ, no inverse powers of the mass appear in the resulting 
Lagrangian. Thus the massless singularity is not at all obvious in the unitary gauge. 

The Stiickelberg formalism, on the other hand, focuses precisely on the gauge modes 
responsible for bad high energy behavior. One can "invent" the Stiickelberg symmetry 
and then exploit it to make a judicious covariant gauge fixing such that the propagators 
acquire smooth massless limit. In this gauge one will end up having explicit dependence 
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on inverse powers of the mass in the form of non-renormalizable interaction terms that 
involve the Stiickelberg field x- The cutoff scale can be read off from the most divergent 
terms in the Lagrangian — the terms that survive in an appropriate scaling limit of zero 
mass and zero coupling. 

2.1 EM Coupling in Flat Space 

First we consider EM coupling in flat space, and show that the theory has an upper 
bound on its UV cutofifl When minimally coupled to a £7(1) gauge field, the Stiickelberg 
invariant Lagrangian for a massive Rarita-Schwinger field reads 



(4) 



which has the manifest gauged Stiickelberg symmetry: 

5ip^ = D^X, 5x = m\, (5) 
where the covariant derivatives obey [D^,D U ] = ieF^ u . More explicitly, 

4m — A/2 + £mix + Ant — \F^ V1 (6) 

where A/2 involves only the helicity-3/2 mode, Anix is the kinetic mixing between the 
two modes, and Ant are non-renormalizable interaction terms, respectively given as 

A/2 = -i^'r^-Hrt, (7) 
Anix = i^^^X + xV'^). (8) 
Ant = ^ F^(xY^ P - ^ P X - XTX) ~ ^2 F^xi^DpX- (9) 

The kinetic mixing can be removed by a field redefinition, namely 

tpfl -»> IPfM + \lpX, ( 10 ) 

which, at the same time, produces a kinetic term for x as wen as mass mixing. Now we 
can add the following gauge-fixing term to the Lagrangian: 

£gf = ~ 7Y')H + im^r^u + |im(^yx - Xl^ ~ XX), (U) 

which renders the propagators smooth in the massless limit, thanks to the identity 

Y up = Y U Y + Tf Pr f - rj up ^. (12) 



3 This was originally considered in |14j . Here we reconsider it, with a more refined analysis, for the 
sake of completeness. The analysis will also be useful for the latter parts of the paper. 
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The same removes the mass mixing as well, finally giving 



+1 L F ^^» ~ + ~ ^ F, u (xY up D pX )- (13) 

For e < 1, the most dangerous terms in the high energy limit are the dimension- 
6 operators. Note that the degree of divergence does not improve by the addition of 
non-minimal terms, since any such operator is necessarily irrelevant. Even a dipole term, 

£dipoi e = — F^^ v — F»» - |xTa. " -X^m J (V + HX - -Dux) , (14) 
m m \ m j\ m J 

introduces, among others, equally bad but new dimension-6 operators that involve both 
the helicities. Clearly, higher multipole operators will worsen the degree of divergence^]. 
Now one can take the scaling limit: m — > and e — > 0, such that m 2 /e = Ag m =constant. 

2 



The Lagrangian then reduces, after the rescaling x — > \ 4 X-, to 



£ em W -ix$X- \F% - FMl^dpX)- (15) 



cm 



Notice, however, that the non-renormalizable operators in (1151) are all proportional to 
the equations of motion, up to total derivatives. Indeed one can use identity ( TT2j) to write 

F»AxY up d pX ) = \F,Axr» $x - x@Y u x) - d^ixiuX)- (16) 

Therefore, one can eliminate them by appropriate field redefinitions of x an d namely 

1 



X 



fiA^ F ^X, A^ — >• A^ — —— X7 M X, (17) 



as canceling contributions come from the helicity-1/2 and photon kinetic terms. The price 
one has to pay is that new non-renormalizable operators of dimensions 8, 10 and 12 show 
up, all with various negative powers of the scale A em . Can we add local counter-terms 
to the original action, which eliminate all these operators up to total derivatives, and 
introduce only such new terms as vanish in the above scaling limit? A positive answer 
would mean that one may improve the degree of divergence of the minimally coupled 
theory by field redefinitions plus addition of local counter-terms. To see that this is not 
the case, let us consider the dimension-8 operator (x7 M x)n(x7/xX)> which comes from the 
photon- field redefinition acting on the last term of ( fl6|) . It is neither proportional to the 



We emphasize that here we are only up to improving the degree of divergence, as we are looking 
for a theoretical upper bound on the cutoff scale that no theory can beat. No way do we mean that 
non-minimal terms are forbidden. In fact, they do appear in consistent models, e.g. supergravity. But 
then the theory will have a cutoff which is simply lower than the upper bound we are trying to find. 
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equations of motion nor does it contain the EM field strength. Without worsening the 
degree of divergence, such operators may only be produced by 4-Fermi-like local counter- 
terms, which in the unitary gauge look like (e 2 / m 2 )ipipipi() . More explicitly, 

x (i>„ - \xi P - ^xd)j (l> ff + ii*x - ^ D °x) + - , (is) 

where the ^^ upa plays the essential role of killing the more dangerous operators. However, 
such counter-terms produce, on top of those that we want to eliminate, new dimension-8 
operators, involving both helicities, that survive in the scaling limit. 

Thus the effective field theory of a massive Rarita-Schwinger field interacting with EM 
in flat space has a finite intrinsic upper bound on its cutoff: 

j ji 

Aem = -r , (19) 

which is parametrically larger than m. As seen from (I15p . the breakdown of the effective 
action is due to the helicity-1/2 mode x that becomes strongly coupled at high energies. 

2.2 Gravitational Coupling 

The Stiickelberg invariant action for a massive spin 3/2, minimally coupled to gravity, is 

£g = (j/V - (7^ P V, + mrf) U P - ^V pX ) + \Ml4=-gR, (20) 

Here the commutator of covariant derivatives acts on different modes as: 

[V M ,V„]V> P = -R^^ + lR^r^p, (21) 
[V /t ,Vj X = \R^pl aP X- (22) 



One can work out the Lagrangian (120]) to write 

£ g = £3/2 + £ mix + Ant + ^Mpy^gR, (23) 

where £ 3 / 2 and £ mix are the gravitational counterparts of those given by Eqs. ([7j) and (jSJ) 
respectively, while C- m t are the non-renormalizable interactions. The latter can be com- 
puted explicitly, given Eqs. (l2~Tj)-(l22"l). the Bianchi identity: R\p, U a]p = 0, and various 
7-matrix identities. The following ones are particularly useful: 

l^l^R^ap^p, V P x) = *GTlM^ V,X), l^l^R^p = -2R, (24) 
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where G tJ,v is the Einstein tensor. The result is 

Ant = -7T- \ f ~9 [G^ U (%l^v ~ tPvlvX) + \XRX] + 



2m 2 



-gGTxi^uX- (25) 



The field redefinition that eliminates the kinetic mixing is the same as ( ITOj) . while the 
desired gauge-fixing term is just the gravitational counterpart of (11 ip . One is left with 



2m 



-fj 



G" v {xi^v - </V7,x) - \XRX - - G^xi^uX 



m 



(26) 



Before assigning canonical dimensions to various operators, we must canonically normalize 
the graviton field h^, so that it has mass dimension one: 



(27) 



We take m <C Mp, which is essential for a sensible effective field theory to exist. We see 
that in the high energy limit the most dangerous terms are the dimension-7 operators 
contained in G^ v xiyS vX-, which are x~h — \ vertices. Because non-minimal interactions 
show up with Planck-mass suppression in the unitary gauge, they can contribute only less 
divergent terms to the Lagrangian (1261) . Thus they are harmless, but they do not improve 
the degree of divergence either. In the scaling limit: m — >• and Mp — > oo, such that 



m 2 Mp = Ag =constant, and with the rescaling \ ~ ► \ I Xi we are left with 



£ g ->■ -iifru ^ 



''X 



3A3 



Q^xiAx- 



(2? 



Here Q^ v = {£ ■ h) IMV is the linearized Einstein tensor, and 
guvap = i j _ jfwrt} a - rf v d a d fi - rf p d lx d v + rf^dfiV + rf^^d* ] , (29) 

so that —h lu/ G ttv is the kinetic term for the canonically normalized graviton h^ u . It is 
clear that the dimension-7 operator in ( 12 8 p can be eliminated by the field redefinition: 



X7(/A)X- 



(30) 



But this will leave us with the following dimension-10 operator, quartic in x- 

1 



dim-10 



36A6 



(xi^X^^ixiadpx)- 



(31) 



This operator contains pieces that cannot be removed by field redefinitions, but may 
be canceled, up to total derivatives, by addition of local counter-terms. Indeed 4-Fermi 



6 



terms in the unitary gauge produce, after the replacement ^ — > tj)^ + ^J^X ~ (l/ m )<^X> 
dimension-10 operators quartic in x, which are invariant under the shift of x by a constant 
spinor. Cancelation requires that we consider all of ( l3TT) . because only the entire operator 
enjoys this shift symmetry. Potentially interesting unitary-gauge counter-terms must look 
like: Mp 2 ^^)^^^^), where A pva ^ pa is a dimensionless tensor. In order 
to cancel ( l3~Tj) . it is required that d p d a A pual3,pcr be proportional to S pual3 . Therefore, the 
tensor A cannot be antisymmetric in the last two indices. However, this also means that 
one must have operators of new kinds, like (x d p d al^d v x)A pua ^' pa {xiadpx)^ which are 
not total derivatives. The conclusion is that the degree of divergence of the minimal 
theory cannot be improved by field redefinitions plus addition of local counter-terms. 

Thus we have found an upper bound on the UV cutoff of the effective theory describing 
a gravitationally interacting massive spin-3/2 field: 

A g = {/m 2 M P . (32) 

This is finite but parametrically larger than the mass. Eq. ( 128]) reveals that it is the 
helicity-1/2 mode, once again, that exhibits strong coupling around the cutoff scale. 



3 Interacting Theories of Rarita-Schwinger Field 

Now we will consider various (in) consistent models of an interacting massive spin 3/2, and 
analyze them through Stuckelberg formalism. As we already know, when interactions 
are present, the helicity-1/2 mode generally acquires non-standard kinetic terms. In 
inconsistent theories this mode may move faster than light or even cease to propagate. 
Consistency of interacting theories crucially relies on having a pathology-free helicity-1/2 
sector. Conversely, by ensuring that this mode does not exhibit pathological behavior, we 
can (re) derive conditions that render a theory consistent. 

3.1 Minimal EM Interaction 

This has already been considered in Section 2.1, and we recall from Eq. ( fl3l) that the 
Lagrangian can be written as 

C em = -i$^-m)V-lix{y>-rn)x-\Fl u 

+ 1 L F ^^ p ~ ^" VPx + *7""X) - ^2 F, u ( X r up D pX ). (33) 
It is manifest that the helicity-3/2 sector enjoys a healthy kinetic term. On the other 
hand, the x-sector is tricky, because in an external EM background the last term in (1331) 
will act like a kinetic operator. Let us write down the equations of motion for x : 

— i $x ~ \o*-l P ' yp FiLvQpX + (lower- derivative terms) =0, a = | e/m 2 . (34) 
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Now we will use the method of characteristic determinant |2j to investigate whether this 
system allows propagation outside the light cone. The method consists of determining 
normal, = (no,n), to the characteristic hypersurfaces. We replace <9 M with — in^ in 
the highest derivative terms in (134)) . and then equate to zero the determinant A(n) of the 
resulting coefficient matrix. The system is hyperbolic, if for any n, the algebraic equation 
A(n) = has real solutions for n , and then the ratio no/\n\ gives the maximum wave 
speed. The required coefficient matrix is given by 

M = -7X + f«7^^ 

/ —B ■ (ft + an B) - (no + an ■ B) \ 

\ B ■ (ft — anoB) — (no — an ■ B) J 

To compute its determinant let us assume, without loss of generality, that the magnetic 
field B points in the z-direction, and that the 3-vector n lies on the zx-pl&ne making an 
angle 9 with B. Thus we obtain 

A(n) = det M = [nl - n 2 - a 2 B 2 (n\ - n 2 cos 2 6)} 2 } (36) 

which vanishes for 

no _ 1- a 2 B 2 cos 2 8 
\n\ ~ V 1 - a 2 B 2 

We see that the system ceases to be hyperbolic whenever a 2 B 2 exceeds unity, i.e. when 

* (38) 

Not only that, even an infinitesimal magnetic field will cause superluminal propagation 
for generic 9. This is the so-called Velo-Zwanziger problem. The pathologies are serious 
in that they can very well arise when the EM field invariants B 2 — E 2 and B ■ E are 
non- vanishing but small (in the units of m 4 /e 2 ), so that we are far away from the regime 
of instabilities [15] and the notion of long-lived propagating particles makes sense. 



3.2 Consistent Non-Minimal EM Couplings 

The Velo-Zwanziger acausality shows up even for the simplest possible interaction setup 
of a constant external EM background. A wide class of non-minimal models [3] also 
exhibits the same pathological features. Porrati and Rahman [7] wrote down a non- 
minimal Lagrangian, which consistently describes a charged massive Rarita-Schwinger 
field exposed to a constant EM background in flat space. In the unitary gauge it reads [7]: 

£ P r = -t^Y^D^p - im%lTil> v , (39) 
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where the antisymmetric tensor b pu contains "corrections" to 7^, of the form 

b„ v = l P u + B+ p + YC p[ ^u], B% = B pv t ilbB^, (40) 

with B^ v = |e A1! y p(T -B pcr . The Lorentz tensor B^ v is antisymmetric, while the Lorentz tensor 
C pv is symmetric traceless. They are respectively imaginary and real, as implied by the 
hermiticity condition, and they both vanish in the limit F — > 0. They are related as [7J: 

= -±B + » p B- v = -\B-WB+ V = - [B pp B p v - i^Tr(5 2 )] , (41) 

while B pv can be computed from the following relation [7J: 

B pv = i{e/m 2 )F pu + \Ti(B 2 )B^ - \ Tr(BB)B^, (42) 

as a power series in the EM field strength F^ U1 which is always possible in physically 
interesting situations, i.e. when the EM field invariants are small. 

In what follows we perform Stiickelberg analysis of the Lagrangian (|39|) to reveal that 
the relations (14ip and (142 j) are precisely those that ensure a healthy helicity-1/2 sector. 
We can render the Lagrangian Stiickelberg invariant as usual, and work out the various 
terms to arrive at the non- minimal counterpart of Eq. fl6]) : 

+ 1 L F ^^p - ^ VP * - X 6 ""*) - ^2 F ^ (xY up D pX ) ■ (43) 

As we have already seen in the minimal theory, a redefinition of ip^ can eliminate the 
kinetic mixing. To find such a field redefinition in the present case, let us take note of the 
following identities that follow from elementary manipulations of 7-matrix algebra: 



B% = -\l p B lpixv = -\ liivp By, # = 7 <-iV, (44) 

TC a[ ^ v] = -\ la C ap lpilv = -\i P u P C pa la . (45) 

Given this, it is not difficult to see that the required field redefinition is 

%^% + \{iv-\9-yv- i a c ap ) x- (46) 



This, when implemented in ( 143"|) . will also produce new non-canonical kinetic operators 
for x, which add to the already existing troublesome operator F^ v xi^ vp D p x- One can also 
add the gauge-fixing term fflTl) to make manifest that the helicity-3/2 sector is hyperbolic 
and causal. The result is the non- minimal counterpart of ffl3|) . given by 

£pr = -iMP ~™W -bx(P '-m) X + ^F^xi^y p -^ P l^ P X + xW u X) 

+§ ix [i(e/m 2 )y p F pu + b»» ( Tm - \ B 7/i - j a C afM ) + 3 7 p ] D pX . (47) 
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The key point is that we have at our disposal two functions of the EM field strength, 
B pv and C pu , which could be judiciously chosen so as to render the x _ sector pathology- 
free. With this end in view, we make the rescaling x ~~ \f\x> an d look at the helicity-1/2 
kinetic-like operators, which we symbolically write as 

£ Xi kin = -ix^D^x- (48) 

If is proportional to 7 M with a positive coefficient, the x _se ctor wm De ghost-free, 
hyperbolic and causal. The expression for r M can be simplified to 

^ = r + l{^(e/m 2 )^F up + ^B up + YC pv (B-^-lB + ^ lQ )} 

+ [2C>» + B+WB- v \ + \YC vp C»°Yl^ (49) 
thanks to the identities: 

7 "B+ =\B lv , B+ V Y = \l,B , lp B 7 " = 0, \ ( 7 " B+ B^) = l» vp B vp . 

(50) 

In (H9j) if one sets to zero the symmetric traceless tensor inside the brackets, which is 
nothing but the choice of relation (|4ip . the entire second line becomes proportional to 7 M . 
This is because of the identity 

Bfa&r = |[Tr (B 2 ) ± z 75 Tr (BB) ] fi», (51) 

which, along with (14ip . enables one to write 

YC up C^Yl, = \l u m a B- p B-" x B^)Y 1(T = -| {[Tr (B 2 )} 2 + [Tr (BB)} 2 } 7 ". (52) 

Moreover, one can use Eqs. (|4ip and (|51|) . and the definitions of B^ u and B pv to write 

YC pu (B-"» - \B + ^ la ) = -\Y vp [Tr (B 2 )B vp - Tr (BB)B vp \ . (53) 

Now in view of Eqs. f l4T|) . (1521 and fl53l) . the expression for r M reduces to 

I* = {l-^[Tr(5 2 )] 2 -^[Tr(55)] 2 } 7 ^ 

+|y-p {_i( e / m 2)F„ p + B„ p - ±Tr (B 2 )B vp + ±Tr (55)5^} . (54) 

This produces the same kind of helicity-1/2 kinetic terms as the minimally-coupled theory. 
Clearly, the second line in the above expression will give rise to pathologies unless it is 
set to zero. Then, consistent propagation of x requires (j4~2]) . and we are left with 

£x,kin = ~i {l - (B 2 )] 2 - (BB)?} X V>X- (55) 

The factor appearing in the kinetic term manifestly depends on the relativistic field in- 
variants in such a way that it is always positive in the regimes of physical interest. Thus 
the mere requirement of a healthy helicity-1/2 sector recovers the model (139p - (142j) . 
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3.3 Minimal Coupling to Gravity 



Already considered in Section 2.2, minimal gravitational coupling shows up, interestingly, 
as one tries to write down consistent models for a massive spin 3/2 in Einstein space [13] . 
The Lagrangian found in [13] (by using the BRST approach to higher-spin fields) boils 
down to the minimal Lagrangian in the unitary gauge. It means that if we take the 
minimally coupled theory with the spin 3/2 as a probe, consistent propagation of the 
helicity-1/2 mode would require that the Einstein tensor be proportional to the metric. 

The consistency of minimal gravitational coupling in Einstein spaces becomes rather 
obvious in the Stiickelberg language. We recall from Eq. (126)) that the minimally coupled 
theory, in d = 4 dimensions, can be cast in the following form: 



-g [MW-™)V + 1 x{W- m )x] 



2m 



-fj 



1 



GT (xi^v - Vv7,x) - \XRx - ~ G^Xl^vX 



(56) 



With the rescaling \ ~ ^ 



C 



-pY x, the kinetic-like operators for x become 

1 



X,kin 



-g 



g 



fJ,V 



XIlNvX- 



(57) 



(d — l)m? 

The above expression actually holds good even when d is arbitrary. It is clear that, if 
qixv j g p r0 p 0r tional to g^ v , the system reduces to a manifestly hyperbolic and causal 
one. We must ensure, however, that the coefficient in front of (X fix) * s always non- 
negative. Otherwise, as x becomes a propagating ghost, there will be loss of unitarity. 
The coefficient can be computed by noting that, for Einstein spaces one has 

'd-2 s 

. ( ,/'"' /.' — — i 



which enables one to rewrite (1571) as 



2d 



sTR, 



(5f 



i + 



d-2 



R 



2d(d - 1) \m 

Therefore, everywhere in spacetime, the Ricci scalar must satisfy 

'' R>-(d-l)m 2 



X fx- 



2d 



(59) 



(60) 



Of special interest are constant curvature spaces, for which the left hand side of f )60|) 
is nothing but the cosmological constant A. The unitarity bound then reduces to 

A>-(d-l)m 2 . (61) 

This is precisely the result of [16] for a neutral massive spin 3/2 in cosmological back- 
grounds. The equality sign in ( IBTT) renders the field % algebraic by setting to zero its 
kinetic term, and this corresponds to a genuinely massless spin 3/2 field in AdS [131 116] . 
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3.4 Supergravity 

It is well known that Af = 2 gauged supergravity [8] incorporates a consistently propa- 
gating Rarita-Schwinger field (gravitino), which is coupled to a U(l) field (graviphoton) 
as well as gravity with cosmo logical constant. When the cosmological constant is detuned 
from its supersymmetric value, A = —3m 2 , the resulting broken supergravity theory [9], [TO] 
still propagates the massive gravitino causally, for any unitarily allowed A, provided the 
usual mass-charge relation holds [TO] , i.e. the gravitino charge e under the graviphoton is 



1 / m 

' = 7! VMpy 



(62) 



We consider the gravitino as a probe in the dynamical Maxwell-Einstein background; 
the latter satisfies the bosonic equations of motion of Af = 2 (broken) supergravity: 



V" = o, 



IVl-p 



where is the stress-energy tensor of the Maxwell field, given by 

TV = -\F + " p F; v = -\F~ W F+ V = - [F w F p v - \rf v T±{F'' 



(63) 



(64) 



In this combined background of EM and gravitational fields, the probe Rarita-Schwinger 
field is described in the unitary gauge by the following non-minimal Lagrangian: 



C 



gravitino 



[%lVP V ^ p + m^f^ v ] , fv» = Y u + t(e/m 2 )F + v. (65) 



The commutator of covariant derivatives is given by 

\V^V V \ = [V M , V,] + ieF f 



(66) 



which, along with the relations fl2T|) - fl22|) . enables one to work out the Stiickelberg invariant 
Lagrangian. Thanks to the Bianchi identities and fl24|) . the result is 



C 



gravitino 



i 

2m 



m 



{xi^u - ttfux) + \xRx - - G^XlPvX 



The field redefinition that will remove the kinetic mixing is 

VV ->• + \ [> - i(e/m 2 )F^} X , 



(67) 



(6* 
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which can simply be found upon comparison with the model in Section 3.2. The gauge- 
fixing term to be added is the appropriate version of (TTTT) . Thus we are left with 



C 



gravitino 



-iy/=g - m)^ + | X (V ~ m)x] 



^ ~ 2m ^ 
i — 
2m 



f,u {xi^p - ^ P Y vp x + xF u x) - - F^xi^pX 



m 



2 

ie 



xRx--G» v xi i PvX 

m 



r 



2m 2 



f 7 M + 37, 



(69) 



The O(F) contributions coming from the last line exactly cancel the original offending 
operator F^xi^^pXi an d this can be seen by making use of identities like floTJj) . Then, 



(70) 



upon the rescaling x — * \/ i Xi the kinetic-like operators for x reduce to: 



C 



X,kin 



-9X 



3m 2 



m c 



IpPuX- 



Now one can use the equations of motion f|63|) of the background fields, and the defini- 
tion ( |64|) of the EM stress-energy tensor T^, to rewrite the above expression as 



C 



X.kin 



— Z-i 



-9X 



1 + 



A 

3m 2 



9 



3m 2 



M 2 



2e 



rpflV 



iPvX- 



(71) 



If the symmetric tensor inside the brackets is proportional to the metric with a non- 
negative coefficient, the x-sector will be ghost-free, and manifestly hyperbolic and causal. 
This is possible if the factor in front of the stress-energy tensor is set to zero, which is 
nothing but imposing the charge- mass relation (|62|) . Then, unitarity requires that the 
cosmological constant be bounded from below: A > —3m 2 . In this unitarily allowed 
region, any value of A will be consistent, and in particular one can set A = 0. 

This shows that the various parameters in Af = 2 (broken) supergravity El ED] 
are tuned precisely in a way that ensures a pathology-free helicity-1/2 sector. When 
m 2 = —A/3 = 2e 2 Mp, the kinetic term (ITT]) vanishes, so that x is relegated to a non- 
dynamical field. Thus we recover the unbroken M = 2 AdS supergravity [8], where the 
Rarita-Schwinger field is truly massless and enjoys null propagation. 

Notice that arriving at Eq. ( 17T|) from Eq. ( 1701 is a non-trivial step, and it crucially 
depends on the fact that both EM and gravity are dynamical, so that the Einstein equation 
is sourced by the Maxwell stress-energy tensor. This relates the two a priori different non- 
canonical kinetic terms in ( I70|) . and reduce their number to one. Then the charge-mass 
relation removes the sole dangerous kinetic-like operator in ( ITTl) . Finally, one forbids 
propagating ghosts in the ^-sector by restricting the cosmological constant. 
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4 Remarks 



The purpose of this paper was to demonstrate the power of Stiickelberg formalism in 
making transparent the intricacies associated with interacting theories of a massive Rarita- 
Schwinger field. All the peculiarities, such as onset of strong coupling, loss of (causal) 
propagation and unitarity, etc., are essentially captured in the dynamics of the helicity-1/2 
mode, and a study thereof elucidates why (in) consistent models are (in) consistent. 

We have seen that EM or gravitational interactions of a massive spin 3/2 can have local 
effective field theory description up to energy scales parametrically larger than the mass. 
The finite UV cutoff signals the onset of a dynamical regime where the helicity-1/2 sector 
becomes strongly coupled. Causal propagation does call for non-minimal interactions, 
which actually lower the intrinsic cutoff of the theory from the theoretical upper bound 
reported in this paper. For example, in case of EM coupling the required unitary-gauge 
Pauli term, i(e/m)il) tl F +flu ip u , gives rise to an 0(e) dimension-7 operator in the helicity- 
1/2 sector, and this lowers the UV cutoff to the scale: vnj yfe <C m/y/e. 

We have performed Stiickelberg analysis as a consistency check of a number of inter- 
acting theories known in the literature. The Velo-Zwanziger acausality j2], of a massive 
spin 3/2 minimally coupled to EM, indeed shows up as a pathology of the helicity-1/2 
mode itself. "Appropriate" non-minimal EM interactions [7] are precisely those that en- 
sure light-cone propagation of this mode. In case of minimal gravitational coupling, the 
non-canonical kinetic terms can be rendered harmless by requiring spacetime to be an 
Einstein manifold, provided that the curvature has the well-known unitarity bound; this 
reconfirms the results of [131 US]- Finally, we have analyzed M = 2 (broken) supergrav- 
ity [SJ [9j [10] to reveal that the helicity-1/2 sector acquires healthy kinetic terms in the 
presence of dynamical Maxwell-Einstein fields, if the usual charge-mass relation holds. 

The Stiickelberg mode(s) can be used as a probe of consistent of interactions for any 
massive particle with s > 1. While spin 2 was considered in [UJ[T2], it remains to be seen 
what more we can learn from them about consistent interactions of massive higher spins. 
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